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I. SMIOLE

a vactor distance from P to vortex elesent (see fip. 1), foet.
A %(x cos ¥ + y sin ¥).

N
B %(z cos X - x 8in X).

%(y co8 ¥ - x 8in ¥)cos X - z sin X sin y.

(@]

£{y) Yourier sine-cosine series (normalized with respect to the con-
stant term) describing the azimuthvige variation of vorticity
in the outer wake. The negative derivative of f(¥) describes
the corresponding vorticity in the inner wake.

I,?,E unit vectors along x, y, and z axes, respectiveiy.

L distance along wake, measured from tip-path plane,
(sec fig. 1), foot.

P arbitrary point in sp.ce.

vector induced velocity at P, feet per sec,

e |

r radius of vortex elenent, measured parallel to tip~path plane
from wake axis (see fig. 1), feet.
R rotor radiua, feet.

Re distance between P and adge of rotor disk at W

see fig. 1), feet RY 4 %% 4 y2 4+ 22 o opa.
’ 1 J

J

distance from P to center of rotor, feet, J&f + y7 o+ 2",

()

&

vector length of vortex clement, fect.
x,y,z coordinates of P (sec fig. 1), feet. -
u,v,¥ induced-vaelocity componenis along x, y, and z ax=s,

regpectively, feet per sec.
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velocity of vla‘e element, fe=st per sec.

forvard gspeed of rotor, fest per sec.

normal component of indur2d velocity at center of gymmetric,
uniformly loaded rotor, positive upward, feet per sec.

angle of attack of rotor tip-path piane, radians.

circulation, square feet per sec.

Vseina + Lo}

rotor inflow ratio,
ar

rotor tip-speed-ratio, Y—Sgﬁmgz.

mass density of alr, slugs per cubic foot.

wake skew angle, measured positively from the negative z-axis
to the axis of rotor wike (seec fig. 1), degrecs.

azimuth angle, meagsured in direction of rotation from downwind
position, radiana or degrecs.

rotor rotational speed, radians per sec.

Primes indicate nondimensionalization with respect to R.
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ITI. INTROLUCTION

The videspread uge of the helicopter today is & result primarily of
its hovering and vertical flight capabilities. The penalty for vertical
Tlight capability is high, since the relatively low speed of the retreating
blad: rejuires high angles of attack resulting in blade stall which
severely limits the miximum forward speed of the helicopter. Attempts to
achieve a nore reasonavle comtination of hovering and forvard-flight char-
acteristics have led toc a staggering nwiber and variety of designs,
ranging from "unloaded-rotor” convertiplanes to VIOL fighters. Lxcluding
Jet-powvered VIOL designg, these h brid aircraft ususlly have at least one
luportant feature in common - that is, the presence of a wing operating in
the wake of lifting rotors. The performance and stabilit, of the entire
aircraft is tharefore intimately related to the mutual interference
betwvecn the wing and the rotors.

ihe flow-field in the viciniiy of a conventional wing has been
studied extensively for Jears and a great deal of informition is readily
avalladle, Unfortunately, the eounterpart does not exist for a lifting
rotor. This is partially the result of the mathematical complexity of
rotor-vake calculaiions. Hovever, the main reason is that even the sim-
plest estimate of the induced flew distribution yields adequate results
when camputing only the overall performance of an isolated fotor. (See,
for example, references 1 and ¢, where s uniform induced-velocity dis-
tribution i1s shown to yleld almost the sams results as a linearly varying

induced velocity.)
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The advent of the practical helicopter focused considerable atten-
tion on the high rotor-tlade vibration levels encountered during certain
flight conditions. an attempt to explain these vibrations led Coleman,
Feingold, and Stempin (ref. 3) to investigate the distribution of
induced velocity in the plane of the rotor., This pioneer analysis was
based upon a concept of the rotor wake originally proposed years before
by Glauert (ref. 4), and which still forms the basis of almost all rotor
induced-flovw theory. The investigation of reference 3 succeeded in
establishing the general nature of the variation of induced veloecity
along the longitudinal center line of a unifernly loaded rotor.

A few years later Drees (ref. ) examined the flow at several points
in the rotor disk. The most notable result of this investigation was an
estimate of the lateral asymmet:y of the induced velocities which was
obtained by a means of & crude approximation to the wake. This is the
only available peper which has considered lateral asymmetry of the vortex
wake. The method, however, can not Le extended to an arbitrary point in
space,

At about the same time, Mangler and Squire (ref. 6) published the
results of their own investigation which was unique in that it considered
the rotor flow problem from the viewpoint of circular wing theory. This
investigation showed clearly the large effect on the flow which results
from nonuniformity of loading. Unfortunately, this result was generally
overlookad due to the lack of reliable experimental verification.

More recently, Castles and Delecuw (ref. 7) succeeded in obtaining

the induced velocities throughout the longitudinal plane of symmetry of
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8 rotor with uniform disk loacing by numecieally intezrating the «ffecte
oi' the saries of vortex rings comprising the wake. This investigation
provided, for the first tize, induced velocities at locations of interest
for interference problems and formed a bigis for many succeeding investd -
gatious. (Sae, aiso, rafs. & anl 5 vheve Custles and others have extended
thiz work to other locaticns by means of automatic digital couapuiers and
a pagnetic analog. )

The usefulness of the ﬁrece&ing papers vas severely limited by an
almoat total lack of reliable experimental inforwation. This was due in
large part to the very practical difficulties of neasurirng the flow
angles and velocitlies either in flight or in small-scale wind-tunnels.
The necd for such information led to an extensive flow-surver program in
the H124's Langley full-seale tunnel. Reference 10 prasents s few pre-
liminary results from this investigation, aud the bulk of the work was
presented later in reference 11. The salient point of this investigation
wag that, in the forward regions of the flow which are not materially
affected by the roll-up of the rotor wake, the theoretically calculated
flows were in reasonable agresment with the weagured fiow, provided that
the disk-load distribution assumed vas reasonably close to that which
actually exists on the rotor. In addition, a methéd of superposition was
given, by which it is posgible to adjust the available unifornly lecaded
rotor calculations to correspond to any arbitrary axisi;mme*ric loid
distribution.

One feature obgerved during the course of the invaestigation of

references 10 and 11 vas a pronouncad asymmctry of flow as a func-ion of
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tip-gpeed ratio. Such an as.mmelc; mald Lo expected dbecause the
advancing and cetreating bladss of the rotor operate at very diffefent
velocitles and angles of attach. Hovever, existing theory is not capa-
ble of computing this effect since the wike is vanerally assumed to be
gyncetrical. This shocteoxing ~f theory could be serious since the
side-to-sid: differences in o a, result in chenges in the roior-wing
inteeference causing large rolling moments on single rotor converti-
planes pr even large performance changes on certain twin-rotor machines.

ihke present investigation studies the effect of tip-speed-ratio and
the associated wike as;metry on the induced velocities near a 1lirting
roevwor. Ghe analysls is bagsd on gn agsumed wake wvhich 18 a logical
extension of that used in previour investigations. GLquations ars
develeped for all thres induced-velocity components in terms of an
arbltricy azinuthvige variation of blade circulation. An automatie
digital coaputer w.s used tc intzgrate the etuation for the normal com-
ponent of' induced velocity in the lateral plans of a rovor having a
sinusclidal variation of circulation. The numerical results are pre-
sented in both tabuler and chart form. Comparisons ars madz both with
the 1laited results of Drees (ref. H) and with the measurements of

Y

reference 1l.
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IIT. THEORY

Agsumed wake.- Rotary wing induced flows are generally calculeted

in the same manner as the flows of wings, that is, by integrating the
effect of all the vortices shed behind the lifting surface. ‘he present
analysis assumes the wake to be sssentially the sane as that of refer-
ences 3-5 and T-11. |

The major characteristics of the agsumed vake and the assumptions
rade are as follows:

1. The blade circulation is uniform alongz the radius but variaes
with azimuth angle in some predctermined fashion. -

<. The tip vortices ars carried dovnward at a uniform rate of 043,
and rearvard at a uniforin rate of uiR, and thus lie as hellces upon the

surface of an elliptic cylinder which ie skewed back from the tip-path-

plane axis at an angle Y = tan-l %F. (See rig. 1(a).)

5. 'The vortex spacing along the wake is sufficiently close that
the vorticity may be considered uniformly distributed along the surface
of the skewed cylinder.

4. ‘he effects of the axi:] component of vorticity in the wake and
of the bound vortices on the blades are negligibly small.

The 2ffect of these assumptions should not greatly limit the use-
fulness of the results. The first assumption is not a severe handicap
since refarence 1l shows that these results mﬂy be converted by super-
position to correspond with other loadings. The second sssumption

rejuires that the vortices be carried off at the mean flow rate rather
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than with the local flor, and thus incurs copsideralie ervor at very low
speeds vhere only the induced velocities are present (see ref. 11). -t
higher spe«és, this means that the roll-up of the ware is neglacted.
However, this afiects only the rearwacd pocstion ol the flow {val., 11). 7The
thiird asswmtion regtricts the analys.s Lo time-avefaged'mean wclesities
rather than the instantaneous induced velocities responsible for the
loadinr variations shown in referznces 17 and 13. This facet of the proo-
lem i1l be <wanined at 3reater length in a subgequent portlon of thils
thesis. TFinally, such experimental regults as are evailable give oo
evidon~e that the axial vorticit: is impeoriani, and the major portion of
the prond-vortet effects have becn shovm in refersnosze 5 and 10 o be
small hen time-averagad,

In the present cass, the sgsantial modidication Lo the vake of pre-
vinus analyses is that the strength of tha vorticity is alioved to vasr,
with azimuth poglil-n. fhis cyiindrical walie with varying vorticity will
be r>ferred to in the remaindsr of this thesis a8 the "outer wake." (Sce
fig. 1{e).)

Now if the vorticity in the ocuter wake varles with azimuth angle, the
theorem that vorticity camist end in epace rejuires the presence of addi-
tional radial vorticity inside the outer wake. Thus an "inmer wake,” a
solid skewed cylinder of radial vorticity (fig. 1(b)), is formed. The
strength of this vorticity is equal to the negative of the rate of change
of the vorticity ol the outer wake.

In the succeceding sections, the induced-velocity contributions of

the inner and outer /:kes are developed separately as a matter of
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convenience. The total induced velocity is, of course, the sum of both

contributions.

Induced velocitiea of cuter wake.~ The induced velocities may be

found by integrating the Blot-Savart lawv over the wake. 7The Hiot-Savart

law is

d};:.l“.@:mdg, (1)
P

vwhere the folloving may be deterrined from figure 1(a) by inspection:
8 =1(cos ¥ + L ain X) + 3(2 8in ¥) + K(-L cos %)
ds = ['1_(-?\’ sin ¢) + 3(R cos ¥) + Oi:]dv

8 =1(Rcos ¥ +LsinX-x)+ J(R edn ¥ - #) + k(<L cos X - z).

Substitution of these values in ejuation (1) and integraiing ylelds

1 J K
, -3iny cosy 0
- . R dar |3 cosy+L sinX-x R siny-y -L cosX-z|dL Q¥ ()
* lge 4aL 2) -
0 JO !

~ p ~le
[(3 cosy+L s8inX-~-x)< + (R sin'y-y)‘2+ (-L coax-z)‘]

from which the normal, or k, ccuponent oi induced volocity is
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Numeri-al a. uiatfons.- The pro eding se tlons of this thosis ha.e

presented expressions for *he Indued ve.ccilles in terms of integrals
Unfortunately, these intesrals ac: not, in general, expressibie in terms
of elementary functions (ref. 3). Thercfore, numerical integration is
necesgary to obtain usable resulits. The complexity of these =xprossions
(ega. (9), (1), (13), ( =Y. (°7), and (30)) makes manual computation
uneconomical; therefors, the equations were coded for integration on

the IIM 704 autrmatin digital computer loceted at the langiejy beratory
of the NACA,

Trial calculations were made first in order to determine the
accuracy of the computing program The lccaticn of the point P was
confined to the latera) sxis within the rotor diek, and a unit vortex
density wvas chosen. For this case, Katzoff (ref. 11) has shown that
the induced-velocity ratio is always unity. 3impson’s rule with an
interval of three degrees, vhen used with eight significant figures
(floating decimal system), reproduced this value within O.0000 except
when the point was less than three percent of the radius from the
edge of the rotor disk. This procedure wus selected for the ensuing
calculations on the assumption that 1t would yield reasonable accuracy
at other locations and for other vorticity distributions.

In order to hold the machine time to a reasonable total, only the
normal compopent of induced velocity waa computed. This should not be
e severe reatriction since the normal component is, in general, the

component of major intarest.



Three skev angles, X = tan™l 2, tanl 4, and tan-! 10, vere
selected. This rangs of skew angles encompasses virtually all forward-
flight conditions for the heliccpter, and a large portion of the transi-
tion speed range for convertiplanes.

The capacity of the computing machine was such that calculations
could be made simultaneously for two different vorticity distributions.
Thege were chosen as f(¥v) =1 and f(y) = sin ¥. It will be shovm in
a succeeding section that these two vorticity diatfibutiona are gurfi-
cient for a reasonable repregentation of the rotor.

Certain locations in the vicinity of the rotor present wore
interesting fields of research than others. One of these {g the longi-
tundinal plane where the fuseluge and tail are located. Symmetry (ref. 5)
shows, however, that possible tip-speed ratio effects are small in thia
plane so that available calculations (refs. 8 and 11) should be ad=juate
for most purposes. Axperimentally (ref. 11), the lateral rotor plane
has been shown to experience large side-to-side agymmetriea due to
forwvard speed. Since, in general, this will be the location of the
vings on a convertiplane, a knowledge of the flow in this region is of
interest for performance calculations. The calculations wers therefore
confined to the lateral plane.

Since there appeared to be some possibility that the induced
velocity of the imner wake might be of small megnitude, the first cal-
culations were programmed to print out the individual contribution of
each part of the wake. The results of these calculations are presanted
in figure o, where it is gvident that the induced velocity contributions

of both parts of the vake are of the same order of magnitude. For the



remainder nf the calculations only the sum, the total induced valocity,
was printed out.

Tha final computing progrem was such that the total induaced
velocity for both vorticity distributions vas {alculated at a rate ot
3 tn 4 geconds par point in spacs.

e calculated veloeities for the sin ¥ component of vorticity
are proesented in tavles IT to TV, and also in the form of contour charts
in figures 72 1 %, the caleculated vilonsities for the constant vorticity
rage check almnst exactly those piven in reference 8, and consejuently
arc not nresented harein.

Vorticity disteibution of the rotor.- "he remaininz task ig to

ralate the rireuwlation in the wa»r and on the rotor blades to the thrust
of the rotor, Considsr a heliceomtrer rotor in forward flight. ‘The

velority of any olade olement ia (vetf. )

/
U e Qs+ uosin ) (31)

AP

The lift dug to the blade element will then be

; \
aL = dmf\% + u 8in w}r ar, (32)
\ ?

vhere it is understoed that I' is a function both of radial position
and of azimuth angle and the entire thrust is considered to be concen-
trated on a single representative blade. The rotor thrust is found by
integrating equation (3°) along the blade and averaging with respect to

azimuth angle to give
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p &R ’pmju(é: + o 8in ¥ T dr ay. (33)
t Jo o # :

In order to accomplish the integrations of equatinn (33) 1t ie
neceggary to know T as a function of » and ¥. If the loading 1s
relatively constant with azimuth positicn. it is evident that the cirecu-
lation muat have a large sinusoldal compoment. Furthemmore, since the
loading must be zero at the center of the rotor, the circulation should

also be zero at the center. For the present purpose, the circulation

is taken as

I' TIgf ﬁ-n - “j§:n~¢ sin ¥, (z4)
i . i i

whers TO and n are constante. The aasumption that the sinus~idal

portion of the circulation varies radially as 1/ times the constant
part of the circulation is purely arvitrary. However, it will be showm
nov that this assumption does meet additional requirements and that it
also entails certain simplifications in the analysis.

Substituting equation (34) into equation (352) yields

Dol & L nel 42 . onel I
4L - RN BT - BT £ BT cos o ar (35)
A : ‘ i

5 4

it

Thus the blade-element loading will have no first harmonic compo-
nent if the circulation is as assumed herein., Furthermore. the thrust
moment of the blade about the flapping pin will also have no first

harmonic. This result is in agreement with blade-element theory (for
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exarrelo, ool L0 el Lndice..s abet uhe D108t hasmonic thrust

monent 15 ince.d soal’ . che seoond harmoncoo caoponszne of the blade-
Lomens THLOLBT 85 [IVEn uy wqlaticd | bas bewn checked numeriecally
forowovioal Piight conditions and iy apposoiaciy smaller than that indi-
cud2d Uy Leoacne-coomont Wheoo, o Jnus Wb souer ol Lhe pregsen. analysis
way be considered as having nearly conglant azimuthwise loading.

low sucatiiute wguation (54) inse zjuation (33) and integrate to

obtain

NC ISR (35)

where n 1is neither O nor -..
Substitute for 1y from equatlion (35) in equatlon (34) to deter-

mine the value of the circulation over the rotor disk, which is

T fes (e n-l
' ﬁ)r{E( ' V)E\R/’ L-(?') sin q{l ) G

-

o4+ 2 “n,

Gguations (30) and (37) are sufficient to relale ihe thrust (o the
waie vortiecity for an aroltrary radial distribution of load. The analysis
16, however, much siupler if restricted 10 a trlangular loading (n ).
Since the assumptions of an undeformed wake and an approximatel, axis;m-
metole loading greatly restrict the maxinuwn accuracy of the analysis,
and since the actual rotor loading is not al present calculabdle (ref. 16),
the agssumption of triesngular loading is probably satisfactory. For this

case equations (56) and (37) become
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r‘\2 \
- BUORT/ 3 N
T 3\ TS (28)
!
r -2 F - i sin V. (39)
mna(\l . ;a) R 3

Consider first the portion of the circulation which is constant
with respect to agimuth position. This part represents an axisym-
metric 109ding in the sense of reference 1l. For the triangularly

loaded rotor case of raference 11, where w0,

r 2L (40)

Thus the inducad velocliies contributsd by the constant part of
the vorticity may be obtained from the results of reference 1l merel;

by multiplying the induced velocities glven therein by —»--——]L-——. In

! - %ﬁ?
order to facilitate the work, charts similar to these of reference 1l
bave been computed for the lateral plane from the results of refer-
ence 8. These charts are presented in figure 5.

The sinusoidal component of equation (39) is uniform along the
radius and 1ts value for unit strength may be read directly from fig-
ures 3 and 4 of this thesis. Since the loading is assumed triangular,
the constent of 3/2 fram reference 1l must be inserted in this portion

of the calculation as well. The values from figures 3 and 4 must
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-ﬁ';
therofore oc multiplied by —=Eo-—, The total induced velocity st P

L -&4"°
e
is then
5 -T

Tt will be noted that fizures 2 te 3 prescnt induced veloedty
econtours for only the advancing side ~0 the rotor. These valuca nay
be inserted directly into equation (41) when dualing with the advancing
glde of the rotor. The flow-field pros2ssec. certain symametries which
arc noted on the figurss. Thus the flow over the .:tr:ating hal{ of the
disk 1s identical to that of thz advancing ha'l when the vorticity is
constant with respect to azimuth angle. Uhe sinusoidal vortleity,
hovever, results in an antisymmetric velocity field, and consejuently,
the induced velocity ratios of figures ¢ to b must be multiplied by -1

when used ,for the retreating side of the disk.
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IV. DISCUSSION OF CALCULATED RESULTS

The most striking feature of the calculated flow (figs. 3 and 4) 1s
the extent to which the effect of sinusoidal vorticity is concentrated
near the tips of the rotor. This is in marked contrast to the flow
genarated by & uniform vorticity (ref. 8) where tha induced velocity
gradient across the wake is relatively mild. This result might have
been anticipated since in the present case the vorticity is not only
greatest near the rotor tips, but it also changes sign from one side of
the rotor to the other.

It is also evident thai the effect of sinusoidal vorticity dies out
rapidly with distance from the rotor. The reason for this is apparent
from figure 2 which indicates that the ¢ffects of the inner and outer
vakes counteract each other at locations greater than one radius from
the center, whereas they tend to add at locations near the rotor.

The only previous attempt to coumpute the asymmetry of flow due to
forwvard speed is that of Drees (ref. 5). He assumed that the sinusoidsl
portion of the vortex system could be represented by two smaller cylin-
drical vortex sheets similar to, but disposed laterally within, the
original cylinmdrical sheet representing the outer wake. The induced
velocity contribution &t the three-quarter radius point of the lateral

axis vas found by numerical integration to be ;‘-’-— =- - %u (vased, however,
0

ona wy which already includes the —-l-j—-e- factor found in the
1 -

r.)é

previous section). It has since become evident from Katzoff{'s symmetry
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theorems (ref. 11) that this system produces a uniform induced velocity
across each side of the rotor; however, at that time it was suggested that
this result indicated a linear lateral distribution of induced velocity
with & sicpe of -2u.

Figure 6 compares the present resulte with those of raference 5.
Surprisingly encugh, the results are closely similar at the three-quarter
radius over a large range of tip-speed ratios (fig. 6(a)). When the
induced velocity distribution is considered, however, the results may be
less satisfactory. This is shown for a tip-speed ratio of 0.30 in fig-
ure 6(b). The difference is even greater if the actual induced velocity

of the vortex system of reference 5 is coneidered.



V. CQIMRIAI VINY JPmpors

Although the indured-velocity asquations were derived with no
restrictions as o lo~ation in spa-e, a vomparison with experiment in
cestel -ted to the lateral plans of the crotor by the limited extent of )
the numeri-ul cal-ulations. The only extenaive experimental Invesiiga~-
tion of this region 1s that of refercnce ll. Iefore artually comparing
the ralrulated and measured indu >d velo~ities, certain shorteronings of
the investigation of reference 11, and of the present thesis, zhould ba
noted and bornz in mind. First the ac urary of the flow surveys canged
fram 10 tc 5 percant of the moen indured velo ity depending upon the
particulars flisht fon&1t15n, Furthermore, the measucrenments indl ate
that the flov in the lateral plare i parti-ularly senaitlve to the
artual detailel rotor load distributinon. “he presont analysis, as
pravioualy noted, has assumed o vary nedarly symmetric trianguisc
loading, whirh is not a~tually th» ~ase aa has beun shown by refersn o L.
Therefore, some discrepan-y, partizularly at the sdges of the roteor, would
be expe-ted in the folloving -cupnrison.

Figure 7(a) roupares ~al-ulated and measured indu.ed veloscities Tor
a low-apeed level-flight (. = 0.0)5) heliropter -ondition Oin o the
foreard spesd is so low, there should be little difference from sicd:s to
side on the rotor. 7This is verified both by the theory and by ths
experimental measurements. In general, however, tha correct trend is
indirated by the theory. (Sec particularly 2 = -0.07.) “he error is
fairly large near the outer part of the waks below the rotor (z = -0.1k

and -0.70). This Jis-repan.y is partially due to diff2renc=s bebween



- 34 .

the assumed and actual disk loadings (se= fig. 10 of ref, 16). However,
the error is probably more directly chargeable to the rapid roll-up of
the lower part of the wake, which has already been carried back a full
radius from the leading edge of the rotor disk.

Figure 7(b) presents a similar comparison at a tip-speed ratic of
0.1L0 which represents s crulsing flight condition for a helicopter. In
' general, the new theory represents an improvement in accuracy over the
older symmetrical vorticity calculations. 'The effect of variances from
the assumed triangular load distribution is shown at the vertical loca-
tions closest to the rotor. The effects of weke roll-up are less in
this case because of the lower 1ift coefficient, and comsequently the
calculated induced velocities are much closer to the measured velocities
even near the lower edge of the wake.

A noticeable departure fram the trend of reasonsble agreement is
shown outside the retreating tip of the rotor. Here the new theory
indicetes a considerably increased upvash over that predicted by the
older theory. This is not borne out by the meagsurements, which indicate
the same, or even less, upwash here than on the advancing side of the
rotor. The reasons for this variance are not understood at present, but
may be a matter of some concerﬁz References 10 and 17 indicate that the
mean induced velocities may be used in egtimating thé interference
between rotors of multirotor configurations. Since this i3 so, it would
be expected theoretically that the performence of & side-by-side rotor
system would be greatest vhen the blades retreat on the adjacent sides

of the rotors. The experimental flow measurements, however, indicate



that the differences due to directisn of rotation should be minor, and
perhaps even in the ocpposite senss from that indicated by the theory.
Effects such as these provide a fertils field for further investization,
both theoreticel and exparimental.

Figure 7(c) compares theory and 2xperiment for a fairly high-speed
fllght condition (i: = 0.232). This particular set of messuremenis has
the l2agt accuracy of those given in reference 11. On the other hand,
howvever, the effects of asymmetry nré also the greatest here. Thae
degrec of improvement offered by the new theory ie evident as w2ll as
is the shortcoming of the theory at locations outside the retresating
tip.

Figure 8 compares the thaoretical velocities with the extrapolated
data of reference 11 in the plane of the rotor iteelf. This figure
sumnarizes most of the previous discussion of figure 7. It also vividly
demonstreates the extent to which the load dlstribution on the rotor
changes wvith tip-speed ratic. If the actual instantaneous induced
velocities were known it would, of course, be possible to obtain the
loading on the rotor. Unfortunately, present rotor blade-element-theory
does not yield adequate reaults vhen used to calculate the blade load
distribution (ref. 16). Its failure in this regard is prizm‘rily a
result of assuming that the inflow is uniform over the antire rotor.
Other sources of arror, such as the usual small angle assumptions and
sharply cut-off tip losses, are apparent but are probably of a smaller
magnitude. It might bs thought, at first glance, that the insertion

of the local values of the mean induced velocities in the appropriate
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places 1in blaiz--lement-theory would pgoroally improve the accuracy of the
analysis., In this regard it is well o consider some of the results of
reference 13,

Reference 13 1s an experimental investigation of the induced veloc-
ities in the plane of a rotor. The induced velocities were outained by
measuring the instanteneous pressure distribution on a rotor Llade by
means of pressure cells, and then working Leckward through the blade-
element theory to obtain the induced velocily reguired to produce the meas-
urzd loading. The results, of course, include all the errors inherent in
the theory, but at least it may be said that these induced velocities are
the velocities which will give the observed loading.

The data points shown on figure 9 correspond to one flight condition
of reference 13. The solid curve represents the mean induced velocity
calculated on the vasis of our present knowledge. It i8 immedlately
evident that there is no correlation at all between the measured and
calrulated results., Iven the trends of the curves are completely
reversed over the front half of the longitudinal centerline. Similar
results may be obtained from the loadings of reference 16 where the pres-
sure gages, having much faster response, may be considered more accurats.

Figure 9 is in direct contrast to the reasonable agreement shown
previously in figures T and 8, and may be explained ms follovs: The
actual wake vortices are approximately skewed spirals emanating from the
rotor blade. Thus their locaticn in space, and consequently the veloc-
ities induced by them, will be distinct funcilons of the blade azimuth

position. This relaticnship between blada azimuth position and induced
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velocity was lost when the #elc vorstleit)y weas assunmed to be wniformly
distributed. The nomunifornity of vorticity has 1ittle or no affect on
the tirp-averaged reading of a survey probe (such as that of raf. 11)
fixed at a point in space, however, the rotating blade, being tied, 8o
to speak, to the vortex'system, s=zes somge induced velocliy other than
the mean value. Thus, the induc~2d velocities given by the present
report should not be used for detalled bled:c loading studies.

T™wo recent papers (references 18 and 19) have indicated that the
blade loading problem 48 actually anelogous to the flutter problem of
fixed wing eircraft. Using flutter thenry, but modifying the vake”
vortex pattern to more nearly correspend with that of a rctor, these
investigations have shown that the unsteady aerodynamics of the bladas
plays a large part in determining the loading. It would seem likely,
therefore, that this approach is more eppropriate to the blade load
problem than are attampte to combine the present results with blade-

element theory.



- 33 -
VI. CONCLUSIONS

‘The following results have been obtained from this theorutical
study of the effect of tip-speed ratio and the essorlatzd asymmetry of
Licw on the induced valo-ities in the vicinity of a lifting rotor:

1. uquations, suitable for nuuerical integration, have been
developed for the thres ~omponents of induced velocity.

.. Numarical results, in the form of charts and tables, have been
prasented for the noomel induced veloclity in the lateral plane of a
rotor having a sin § vorticity diatribution.

5. Charts of the normal induced velo 11y in the lateral plapne of @

otor having 8 symetrical triasngular vorticiity distributinn have been
presented,

L. Vhen compared with previously madc wind-tunnel {lov-measurements,
the prosent resulis appear to be more accurate than previously availsble
theoretical results.

5. When ~ompared with the induced velocities obiained by previous
rotor-blad: pregsure-distribution meesurements, the prasent results

appear to be inapplicable to the calculation of rotor blade loads.



- 39 -

VIL. SUMRY

A theoretical investigation of the asymmetry of induced flow in the
vicinity of a Lifting rotor in forward flight has been conlducted. The
analysis 1is based upon an asymmetric wake which is a loglcal extenslon
of that used for previous investigations. ZEquations for the induced
velocities at an arbitrary point in space are presented in a form suit-
able for numerical integreticn. WNumerical results for the normal
inducsd velocity in the lateral plane of the rotor are presented in the
Form of tables and charts. Comparison with previously available meas-
urepents indicales an iuprovement in accuracy over slder theories. The
results should-be ugeful in estimating the Iintarference between vwing
and rotor of compound helicopters and convertiplanes. In addition the
regults should be applicable to the problem nf mutual interference

betveen rotors of multi-rotor helicopters.,
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OCCURAING IN TS "N/LYOIG

Tlr analysis of the liaer waze involves integrals of the forms:

’ A

f A and o
4 (o J)J—: \j—+ A
wher: = a + bx + =9,

™yl Porms ey be ovaluated by use of the substitution (item .33,

21, 10)

uo J}; - X

e flest foom s the cispler of the tvo and will be evaluated

first. ™e indicatad subatitution reducss this form to

h—-(lu . ( »:"\1. )

l,/:: + fr'x + \/_ j; - Ju + (b - Qlu+ (db - a - ar)

“he right hand side of equation (A1) may be integrated by ltem 07

of relerence 14 to yield

dx oo aafile - u+ b -2
w - Lan ’ (A“)
f-: + {ox + d)ﬁ ﬁ L JE |

where g = hdb(~ - L) + ha(l - c&) - (b - -@)~.

The fira! exnsressisn is sbtained by returning equation (A-) to the

Faj 193

riginal wvariable, x,



W —

S {ox o+ d)/— J_g_ 7

dx R RO A R ()

wvherc q is as given abova.
tvaluation or the second form 1s & more lengthy task. but proceeds

in the same manneir. Haling the s subizil{ution as before ¢ields
* J

G "f“" by -~ a - 4 Juu (14)
!\/?-r X 4 G (b - _‘[( -uP 4+ b - NDu+ (b - a - rrf‘)]

LOW LoateTo fhe righu baad Lodl or qurtdisn (M%) inte partial

fractian: L. Cbwsin

2 du
sy - a2
L

+ U f‘:-‘ U du
Lo o [u“(-': =)+ u{o - a)+ (b -a -ar )]

» 1
- .{1 j - _ LlU. —_— ‘1{-))
L= [u“(c = b - d) s (@b - oa - a'*)]

The Tirst term may be iuter ntad by inspection, and the socong tema

may be integrated oy item T2 of veference 1k to glve
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R > SO 2 n{d - )

ﬁ+cx+d Le e ‘

ln Ex( -1y +ulb - d)+ (db - & - u,]

_be - d Au £
: v — - ( \J)
S [ (" - L + u(b - & + (db - 8 - 8 );[

ihe remeining integral way be evaluated by weans of 1ten J7 of

refzrenc: bt yleld

.._,,,,._..q‘,.{‘.--_._ - ~,:_;l.'... Il - g

{4 i+ 4a L+

b — [ut"{x_, “ i)+ ul - d) ¢ (b -a - &:"):l

e

r e g D AT PO FY - A
- b - AN g 'tgn"l BTN, .)_.‘ 7.}'_»--} y (J,'()

e L 1 I

where ¢ has the cams meandng es in eoruations (%) ane (o 30,
Now return equation (A7) to che origina) variable x, :sul ¢ing in

f (Di W-F‘Lln‘:‘;}+ x-/—]
DS [ - - 1

o+ d c“

g m-x[(s 0T a b ‘] (48)

Hote that
([¥ = x)<(c = 1) + (J% - £){b - «d) + (A - a - ac)
= (b4 X « TZ)(F-& cx + 4),

g2 that the logarithmi~ torms ~f -quation (*A) may be combined to yield



e oox o+l o° - 1 o - 1 -

- ~ Ma 1Y 7 o Iy o. D
_ b‘ - ‘Jdb L_ t,a,n"l ko ( X, + D pale] . (‘j)

Ta nragenc: of the ladarit'viic torng in eguation () ~ceasions
imaginasy values o0 the intesral if elther ’/_ + oo 4 AY e
b+ x - ’F) 1a negative Provided thet theae terms arc wonotonically
nagatio», this resu e, be 2w 113d @z foll-wo:

vredge cmaattop 000 an

1

et )‘1’““:;..-.._.-. £ ........j."a..A .--.- .‘li:l..._
3 I 1 - D ,

Al
- .:.."d' J .. R du e ( . }‘0)
= ' [..‘.‘“ ( S B ey i, 1oe ’1‘: +4- (db - B - Or 9]

Integration, se weliovre, of Lhe Jirat oo toooy resvlts dn




Comparison of equations {(.0) and (\11) indlcaes that the only dif-
ference 13 a reversal 1n sign of the argusenta o1 the Iogorithade lterms,
vherefzre, as long as vhese armnmenis are renotonically either posltive

or negative, the 1'inal expression may e written as

dx = = Ln’ﬁ + Cx o+ dl + —-;-—J;“m ln
o - '}“

- R /—‘
\/;-’. + CKX + G o . 1l

2o = )X - 2) + b - 2 {ais)

- - Sl I

where, sguin, o - 4db(e - 1) + hafl - o) < (b - cd)”.
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TABLE T

LIMITING VALUES OF ARC TANGENT IN EQUATION 22

Azimuth angle, ¥ Arc tangent
Location of P
degrees radians

0 + X

y =2 =20 2
180 0

90 X - &
270 0
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(a) Outer wake.

Figure 1.- Rotor wake system.



(b) Immer wake.

Figure 1.- Concluded.
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o) 2 4 6 8 10 1.2

(a) X = tan~l 2 = 63.4320,

Figure 3.- Contours of induced-velocity ratio, w/wO, in the lateral

plane in the immediate vicinity of a rotor having a radially uniform
unit  sin ¢ vorticity distribution.

Flow field is antisymmetric
about y' = 0.

Broken line represents edge of wake.
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(¢) X = tan-1 10 = 84.29°,

Figure 3.~ Concluded.
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1}

(a) X = tan-l 2

63.430,

Figure L.~ Contours of induced-velocity ratio, W/WO, outside the wake

in the lateral plane of a rotor with a radially uniform unit sin WV
vorticity distribution. Flow field is antisymmetric about y' = 0.
Broken line represents edge of wake.
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tan~l 4 = 75,970,

) X =

(b

Figure 4.- Continued.
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299,

- tan~t 10 = &k,

X

)

(c

Figure L.~ Concluded.



8 20 22 24 26 28 30

16

14

2

X = tan™t 2 = 63,430,

(2)

Figure 5.~ Contours of induced-

w/wo, in the lateral

plane of a rotor having a triangular, circularly symmetrical vorticity

distribution.

velocity ratio,

Broken line

Flow field is symmetric about y' = O.

represents edge of wake.
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I8 20 22 24 26

28 30

6

12

10

tan~l 4 = 75.97°.

i

(b)

Figure 5.- Continued.
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Figure %.- Concluded.
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Tip-speed-ratio, M.
(a) Variation with H, y' = -0.75.

Figure 6.- Comparison, with reference 5, of induced velocities due to
asymmetry, lateral axis.



velocity ratio,
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Lateral position, y'

(b) Distribution along axis,

Figure 6.- Concluded.

p = 0.30.

[T ]
Present analysis.
X= Tan” |()
x=Tar' 4 —\\\ //fii
x=Tan' 2. > .
/,/—’//;// e
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w/wO

velocity ratio,

Induced

-2 =

_"(9..

- .-
~.7 Present analysis
/*;(v}» N

L

Re}}arince u
Calculated
Measured.

15 10 5 o] -5 [ M)
Advancing side y Retreating side

(c) u =0.232, X =283.99,

Figure .- Concluded.
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Figure 8.- Comparison, along the lateral axis, of theory and the meas-

X = 82.3°.

p = 0.140,

X = 83.9°.

b= 0.232,

urements of reference 11.



EFFECT 0F TIP-SPTEL TTI0 O INWCUD
VELOCTTIZE WEAR A LIFTING ROTOR

By Harry H. Heyson
ABSTRACT

A theoretical investigation of the «ffect of tip-apeed ratio and the
agsociated asymmetiry of induced flow in the vicinity of a lifting rotor
haa been conducted., The analysis ie vased upon an asymmetric wake which
is a logical axtiension of that used for previous investigations. Zqua-
tions for the induced velocities at an arbitrary point in space are pre-
sented in a form suitable for numerical intagration. Numerical results
for the normal induced velornity in the lateral plane of the rotor are
presented in the form of tables and charts. Camparison with previously
available measurements indicates an improvement in accuracy over older
theories. The results should be useful in estimating the interference
bet#cen wing and rotor of compound helicopters and convertiplanes. In
addition, the results may be applicable tn the problem of mutual inter-

ference betwveen rotors of multi-rotor helicopters.
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(a) Longitudinal axis.

Figure 9.- Comparison of calculated time-averaged induced velocities
with effective induced velocities as determined by pressure distribu-
tion measurements on a rotor blade {(ref. 13). u = 0.30.
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Figure 9.- Concluded.
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VELOCITIZE NEaR A LIFDING ROTOR

By Harry H. Heyson
ABSTRACT

A theoretical inveatigation of the effect of tip-speed ratio and the
asgoclated asymmetry of induced flow in the vicinity of a lifting rotor
has been conducted. The analysis is vased upon an asymmetric wake which
is a logicel axtension of that used for pravious investigations. Equa-
tions for the induced velocities at an arbitrary point in space are pre-
gented in a form sultable for nuoeerical integration. Numerliral results
for the normal induced velonity in the lateral plane of the rotor are
presented in the form of tables and charts, Coamparison with previocusly
avallable measurements indicates an improvement in accuracy over older
theories. The results should be useful in estimating the interference
bet#een wing and rotor of compound helicopters and convertiplanes. In
addition, the resulta may be applicable to tha problem of mutual inter-

ference between rotors of multi-rotor helicopters.



